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Problem 1. (30 points) Consider the cantilever beam with the rigid end zone shown.

Using the matrix displacement method, find the stiffness matrix of the structure with

the rigid end zone (with respect to dofs u,,u,,6,).

Suggestion: find the stiffness matrix for the simple cantilever to the right, then use the

REZ transformation matrix to find the stiffness matrix for the beam with the rigid end.
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Problem 2. (30 points) Consider the two elements in the figure. The one to the left

has rigid body modes; the one to the right is without rigid body modes. Find the

transformation matrix I, that governs the transformation between the two systems

with the degrees of freedom numbered as in the figure.
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Problem 3. (15 points) Consider the structure shown below. (a) If you assembled the
10 x 10 stiffness matrix of the 10 unrestrained degrees of freedom and tried to invert
it, what would happen? Why? (b) If you found the eigenvalues and eigenvectors
(mode shapes) of the 10x10 stiffness matrix of the 10 unrestrained degrees of
freedom, can you give one “easy” eigenvalue and sketch the corresponding mode

shape?
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Problem 4: (30 points) Consider the beam shown. Using the strong form of the

problem (beam differential equation + boundary conditions), find the end shears ¥,

and V5 and the end moment M,.
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Problem 5: (30 points) The structure shown below was solved using the matrix
displacement method (£ = 200,000 AMPa). The resulting unknown displacements were
found to be:

1, 0.09982 mm

v, =9 4996 mm

a, -0.000534 rad

Write down the matrix expression for the element end forces of element bc. Write
down the expressions for the six element forces as a function of E, 4, I, L, w, u, w,

6, but do not substitute the numerical values.
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Problem 6: (30 points)

Consider the roof slab that is supported by two walls and one column. The walls only
have stiffness in their plan; the column has equal stiffness in the two directions. The
walls and column have no stiffness when twisted. The roof is loaded in the transverse
direction by a load P, =20kips. Determine the translations and rotation of the roof

and the forces in the walls and column.
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Bonus (30 points) Consider the 2-node prestressed concrete element below. It has a
total of six degrees of freedom, three per node. The tendon has a constant eccentricity
e. The element can be seen as the sum of two elements: 1) a concrete element and 2) a
tendon (bar) element with two rigid end zones. You are given the stiffness matrices of
the concrete element and of the bar element without the rigid end zones. Derive:

a) the stiffness matrix for the tendon element with rigid end zones;

b) the stiffness matrix of the prestressed concrete element.
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