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Problem 1. (20 points)
For the uniform simply supported beam carrying a central point load as shown below,

use the Principle of Virtual Displacements with the given assumed displacement as:

v(x)=aq,sin 2% |t a, sin(S—”{]
L L

(1) Verify that this given displacement field is acceptable.

(2) Find the vertical displacement at mid-span (It should be larger or smaller that
the exact value, give the supporting reason).

(3) Find the bending moment at the mid-span section.

(4) Find the reaction forces at the left and right ends.
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Problem 2. (20 points)
(1) In your own words, explain the difference between strong form and weak form of

a beam problem.

(2) In your own words, explain the difference between the Rayleigh-Ritz method and

the displacement-based finite element method.
(3) Consider the beam shown below. Consider a Rayleigh-Ritz solution of the form
¥(x) = c¢1 ¢(x). What are the conditions that ¢(x) must satisfy?

Suggest an acceptable expression for ¢(x).
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Problem 3. (20 points)
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For the beam subjected to the distributed load g(x) and the end forces P, show

equivalence between principle of Virtual Displacements, and Principle of Stationary
Potential Energy. In other words, show that both principles lead to the same
equilibrium equation:

KeleU = Q

where

K, = jBT (x)ZE(x)B(x)dx

L

Q=P+ [N'g(x)dx



Problem 4: (20 points)
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Given assumed displacement as:

v(x}=x +x’ +epxt

For the uniform cantilever beam carrying a uniformly distributed load as shown
above, use the Principle of Minimum Potential Energy to show that the generalized

stiffness equations are given as:
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Will this assumed displacement result in the exact solution?

What will happen if you include the term ¢,x’ into the assumed displacement field?



Problem 5: (20 points)

Consider the two-node element shown below. The torsional response of the element

is of interest. The nodal displacements are U ={d,, sz}r , the corresponding nodal

T . . . .
forces are P={M_, M} . The cross section is circular and the radius changes

according to R(x)= R, (1—x/2L), where Ry is the radius at x=0.

Consider a displacement-based formulation. Write down the expression for the
element stiffness matrix, and specify the expressions for each term that appears in the
stiffness matrix. Do not solve the integrals!!!

Do you expect any of the above formulations to be “exact™? Why?
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Problem 6: (20 points)
Consider the 2-node beam element shown. It has 3 degrees of freedom per node:
vertical displacement v,, rotation 0, and curvature x; (;=1,2). The vertical displacement

field v(x) is written in terms of the shape function Ni(x) and the nodal displacements d

as. V(x)=N(x)d={N1(x) Nz(x) Na(x) N4(x) Ns(x) Ns(x)} {vl 8 x v, 8, Kz}T

a) What is the order of the six polynomials N{x), i=1,6?
b) Show the procedure you would follow to determine the interpolation functions (do

not derive them!!)

¢) What is the main drawback of the curvature continuity of this element?
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